We study the four point function of the superconformal primary of the stress-tensor multiplet in four dimensional N = 4 Super Yang Mills, at large 't Hooft coupling and in a large N expansion. This observable is holographically dual to four graviton amplitudes in type IIB supergravity on AdS5 × S 5 . We construct the most trascendental piece of the correlator at order N −6 and compare it with the flat space limit of the corresponding two loops amplitude. This comparison allows us to conjecture structures of the correlator/amplitude which should be present at any loop order.
Introduction Since the advent of the AdS/CFT correspondence, the mapping between correlation functions of local gauge invariant operators and scattering amplitudes has been at the center of investigation. In this paper we address the study of the four point function of protected operators of dimension two in four dimensional N = 4 Super Yang Mills (SYM) with a SU (N ) gauge group, at strong 't Hooft coupling λ = g 2 N and as an expansion in inverse power of N . This quantity is holographically related to loop corrections to four point scattering amplitudes of gravitons in the supergravity approximation in a AdS 5 × S 5 background. Recently, there has been tremendous progress in understanding how to bootstrap such correlators at order N −4 by gluing N −2 correlators, using the techniques of the analytic conformal bootstrap [1] and the inversion formula [2] . This method is very reminiscent of unitarity cuts in amplitudes [3] and it allowed computing the correlator to order N −4 completely [4] [5] [6] [7] , including also stringy corrections [8] [9] [10] . At strong coupling and at leading orders (up to N −2 ) the operators which acquire an anomalous dimension and appear in the Operator Product Expansion (OPE) are double trace operators. These operators are generically degenerate, and the associated mixing problem has been resolved up to order N −2 in [4, 5, 11, 12] . In this paper we try to understand how much of the four point function is fixed at a given order N −2κ , once we know the OPE data at order N 0 and N −2 . We first analyse the case κ = 3, we compute the function of the cross ratios which appear in front of the leading logarithmic singularity in U . In the same spirit as [6] and in order to see how much of the dynamical information we could recover only with this term, we take the flat space limit and we compare it with the two loop, four point supergravity amplitude in ten dimensional flat space. Quite surprisingly, we noticed that the structure of the functions which appear in both sides for the highest transcendental pieces in the amplitude is the same that we have from the CFT computation. More precisely the double cut of the amplitude exactly reproduces the flat space limit of the CFT. We conjecture that this fact persists at any loop order and in particular that the κ − 1 cut is always given by the flat space limit of the highest logarithmic piece of the correlation function. The main result is that we have a prediction for the κ − 1 cut of the AdS ladder diagrams, which in turn is only constrained by leading and subleading order OPE data. Four point function The superconformal primary of the stress-tensor multiplet O 2 is a scalar operator of protected dimension two, transforming under the 20 representation of the SU (4) R-symmetry. The four point function of O 2 has the schematic form
where U, V are the cross ratios defined as
and we disregard SU (4) indices for simplicity. By using superconformal Ward identities and enforcing unitarity [13] [14] [15] , it is possible to disentangle the contribution to the OPE of protected and non protected operators, and this allows writing the four point function as
where G short (z,z) is a known and computable function which repacks the contribution of protected operators, while H(z,z) is a coupling dependent function and contains information about non protected operators belonging to long multiplets. The function H(z,z) admits a decomposition in superconformal blocks g τ +4, (z,z)
where τ and are the twist (dimension minus spin) and the spin respectively, of the intermediate operators which are long, superconformal primaries transforming under the singlet of SU (4) R , and a τ, is the square of the OPE coefficients. The four point correlator admits an expan-
Accordingly the OPE data admit the same expansion
n, + . . .
We are considering the strong coupling regime, in which the 't Hooft coupling constant λ = g 2 Y M N is infinite. In this limit the only single trace operator with finite dimen- n, corresponding to each eigenstate of the Hamiltonian. In particular this allowed reconstructing fully the four point function at order c −2 [4, 5] . The aim of this paper is to understand how much we can reconstruct of the four point function at any order c −κ with this information by contrasting this piece of the answer with the corresponding flat space amplitude. Method Let us review the method that we are going to use. We are expanding the dynamical part of the four point function H(z,z) in superconformal blocks as in (4) . Both a n, and τ n, are meant to be expanded around large c, so we plug in the OPE decomposition an expansion of the form (6) . At any arbitrary order c −κ , there will be a term of the following form log κ (zz)
where α depends on the order of expansion
and f (z,z) contains functions of maximal degree of trascendality κ with polynomial coefficients. We have introduced the index I to label all the degenerate eigenstates. Naively the counting would have involved only the term 3κ which would have reflected the fact that we are considering γ (1) n, κ and < γ (1) n, >→ n 3 for large n, but this counting is modified by the presence of mixing, which arises from the fact that we have a R-symmetry and reflects the degrees of freedom of the internal manifold. Thus we have an interesting interpretation of the power α which has a contribution due to the AdS 5 loops and another coming from the S 5 loops. This term (8) is always the leading logarithmic term and it is fully fixed in terms of leading and subleading OPE data. It is possible to reconstruct the full correlation function at any loop order κ once we know the Double Discontinuity (dDisc) [2] , which in the perturbative setting we are working in, can be computed using crossing symmetry and the information from all the OPE data up to order κ − 1, or equivalently all the functions in front of all log κ (zz), log κ−1 (zz) . . . log 2 (zz). It might seem that this iterated procedure can recursively be used to reconstruct the full correlation function at any loop order. For the present case, this is not possible due to two obstacles. The first one is the fact that there are multitrace operators which will start contributing to the OPE and consequently to dDisc, already at order c −2 ; the second is the presence of mixing which needs to be solved order by order in inverse power of c. The only case in which this method has been successful to fully reconstruct the four point function is one loop or κ = 2, since for this case mixing is solved and multitrace operators do not appear in the dDisc. In this paper we will study the case of κ = 3, and we will draw some general conclusions for any κ. It has been shown in [16] that by rephrasing the problem in terms of ten-dimensional blocks and by acing with a differential operator on them, it is possible to compute the quantity (8) for any κ. In order to express in a more coincise way the results, let us introduce Harmonic Polylogarithms (HPL) [17] which can be defined iteratively in a straightforward way:
The form of the answer for κ = 3 is given by:
where R i ≡ R i (z,z) are polynomials of degree 30 in z,z. This is only a part of the dDisc, since there is also the term proportional to log 2 (zz) that contributes to the double discontinuity which we cannot reconstruct.
Flat Space Our aim is to understand how much of the full dynamical information we can infer from the knowledge of the highest trascendental piece. To do so, we will first compute the double discontinuity and then take the flat space limit to compare the results to the four graviton scattering amplitude in flat space. We will follow the method of [6] and extend it to the order c −3 . The double discontinuity is defined as the difference between the Euclidean correlator and its two possible analytic continuations aroundz = 1
In order to apply the inversion formula we need first to apply crossing symmetry to pass to the t-channel, where dDisc acts trivially. In our setting, there are only two terms with non vanishing double discontinuity which are
Notice that with the knowledge of (12) we only have one part of the double discontinuity coming from (15) . The flat space limit (bulk-point) of our four point amplitude can be related to the non-analytic piece of the supergravity (SUGRA) ten dimensional amplitude A 10 . The key relation between CFT and gravity is:
where b l (s) are the coefficient of the partial wave expansion of the flat space gravity amplitude. Given (6) and (7), the average ae −iπγ admits the large c expansion:
where the bracket refers to the average over I.
The main idea is to consider
and take z → z e −2πi or equivalently the analytic continuation around z = 0. Then taking the flat space-limit with
focuses on the bulk point. This limit count the power of (z −z) and in particular from (12) dDisc 
The quantity in (16) can be expressed as a function of dDisc, in particular in the large n limit, it takes the form [6] :
where the contour C encircles the origin clockwise. The integral over x produces power of n (and consequently of L √ s), which we remind is related to α by (9) . In the following, we will contrast this result with the form of the ten dimensional amplitude in flat space, as prescribed by (16) . Mellin Space It is instructive to rephrase the problem in Mellin space, which is also a suitable formalism to compute the flat space limit. Mellin amplitudes are defined as [18] :
with s + t + u = 4. The pieces in H (κ) that behave in a small U, V limit as ∼ log k U log j V correspond in Mellin space to simultaneous poles in s and t of the form m,n ρ mn (s−2m) −k+1 (t−2n) −j+1 . For κ = 3, we obtain the following structure for the result:
Notice that there are only single poles in t. Using (12) we can fully fix the c mn :
2 (m) m + n − i where (n − 1) 7 is the Pochhammer symbol, H n the Har-monic number and r (j) polynomials of degree j in the corresponding variables. The sum associated to this c mn will give a residue integral of the form:
We cannot fix the residues d mn since as we discussed above we do not have information on the log 2 U term. In the following we will refer to the Mellin amplitude associated to the first (second) term of this sum respectively as M 1 (s, t) andM 2 (s, t). Notice thatM 2 represents only part of the d mn sum in (27) . The Mellin amplitude can be interpreted as a scattering amplitude in AdS , when the AdS radius L becomes very large, one recovers the flat space amplitude as [19, 20] lim
where A ⊥ 10 represents the amplitude in a particular graviton polarization configuration and we are using Θ f lat 4 (s, t, σ, τ ) as defined in [8] . Hence to obtain the flat space, one should take the large s, t limit ofM 1,2 . Notice that these sums are divergent, thus need to be regularized, and only the large n, m ∼ O(s, t) limit contributes to this regime. So we will study:
where p 3,4 are defined in (22) and we take derivatives with respect to s and t to make the sums convergent. We will come back later to the comparison with the ten dimensional amplitude. Amplitude In the flat space limit of AdS 5 ×S 5 we obtain ten dimensional SUGRA. In this set up we want to compute the four-graviton amplitude, up to two loops.
This takes schematically the form [21] :
where the . . . represent the other channels contributions. I pl db (s, t) is the planar double box depicted below and I np db the non planar box. In the third line we have used the identification 8πG N = π 5 L 8 c −1 .K is a dimensioneight kinematic factor, depending on gravitons polarization and fixed to s 4 to match the CFT correlator. It is related to Θ f lat 4 in (30) throughK = 2 6 β 5 c(2)Θ f lat 4 (s, t) [8] . We first compute I pl db in four dimensions using the p 1 p 4 p 3 p 2 l 1 l 2 differential equation method proposed in [22] [23] [24] , then we uplift the result to 10 − 2 via dimensional recurrence relation [25, 26] . We find that:
where we have factored out the scale dependence and the p i (s, t) multiply transcendentality i functions. In the 0 part we have reported explicitly only the highest transcendental weight functions, as those will be relevant in the following [27] . Notice that, even if we are computing integrals in ten dimensions, in the end we are interested in A 5 = A sugra 10 π 3 L 5 , i.e. the reduction over the S 5 -volume. A 5 is the quantity that can be compared to the CFT, as in (16) through its partial wave expansion we have that
where the b l admits a form similar to (24) :
We have plugged in the expression for A tree 5 and for the rest we have treat the amplitude with its discontinuities (disc) via a dispersion relation [2, 6] . In the cases at hand disc t A(s, t, u) = disc u A(s, t, u) = −disc s A(s, t, u). Diagrammatically disc s A is determined by the sum over all possible cuts in which s is the momentum flowing. A given cut diagram can be constructed from the integral representation of I db by putting on-shell the cut propagators [28] . For the double box we obtain:
This picture makes evident the contribution of two different cuts: the vertical one (c 1 ) and the diagonal one (c 2 ). We can extract the two different contribution to disc s A 10 . To do so we construct and solve the differential equations on c 1 and c 2 [29] , where only these subsets of the master integrals showed below contributes:
We can fix the two different cuts by matching the discontinuity to the sum of these two contributions and with a suitable choice of boundary conditions for the differential equations, which we will discuss in the next paragraph, we obtain
A c1 = s 4 (60p 4 (s, t)H −100 (x) + p 3 (s, t)H 00 (x) · · · ) 2 5 (15) 3 t 2 A c2 = s 4 2 5 (15) 3 t 2 (60p 4 (s, t) (−H −100 (x) + H −1−10 (x)) + p 3 (s, t) (−H 00 (x) + H −10 (x)) · · · ) .
(39)
We also extract the contribution to the double cut in the s-channel, where we find
A dc = χs 4 (60p 4 (s, t)H −10 (x) + p 3 (s, t)H 0 (x) + · · · ) 2 6 (15) 3 t 4 (41)
where χ is a normalization constant we are not able to fix.
Comparison We have presented the main ingredients of our computations for κ = 3, we now make a comparison between the partial result from the CFT side with the flat space amplitude. We conclude with some all-loop conjectures. First of all, in order to compute (16) , we need to consider the full s channel of the amplitude as in (34), change variables from x toz, x =z 1−z [8] and do the necessary analytic continuation to define all the quantities in the same kinematic region. By using (21) and (38), we can infer from (16) that 
